We simulate the Kardar-Parisi-Zhang equation in 2+1 dimensions. It is a non linear stochastic di erential equation which describes driven growing interfaces. The Hopf-Cole transformation is used in order to obtain a stable numerical scheme. The two relevant critical exponents are precisely measured.
Introduction
Growing surfaces exhibit a non equilibrium critical dynamics with scaling properties similar to those of equilibrium critical phenomena. Many models have been proposed to describe the universal features of the growth process. The rst numerical investigations 1] showed that the critical behaviour of the surface is described by two exponents z and . The interface roughness W (to be de ned later) grows with time t as W L f t L ?z (1) where L is the system size. Among the possible systems possessing such a scaling law, we mention for instance lattice ballistic deposition models, lattice stacking models or Eden clusters. 
can be shown to be exact 2] and are supported by several numerical simulations on the various models listed above. In d = 2, the perturbative Renormalization Group analysis breaks down, the ow is toward a strong coupling xed-point and numerical simulation becomes very interesting. Kardar, Parisi and Zhang conjectured 2] the , z exponents to be superuniversal, namely independent on d, but they did not give analytical arguments. Successive works on the subject can be roughly divided into three groups. Apart from the direct simulations of the KPZ equation, the information on the exponents extracted from the other models is somehow indirect. Indeed, directed polymers have been studied only in the zero temperature limit whereas the other models have not been shown rigorously to be in the same universality class of the KPZ equation. On the other hand, the direct simulation of the stochastic equation is hampered by great crossover e ects which are relevant on the time scale actually explored in the simulations. Numerical instabilities are also potentially harmful.
In Tab The authors of /citeMoser complain about numerical instabilities arising at large non-linearity: this unpleasant situation forced them to utilize very small integration steps not required in order to reduce the systematic error due to nite integration step. In this work we propose the simulation of the KPZ equation after the Hopf-Cole transformation which improves numerical 
The noise is gaussian and the associated di usion D h (x 1 ; t 1 ) (
is a constant. The relaxation term in Eq.(4) provides the surface tension responsible for molecular readjustement. The non linear term is related to lateral growing of the interface. The KPZ equation is actually a truncated gradient expansion: therefore, full invariance under tilts is lost. However, the in nitesimal symmetry h ! h + " x x ! x + t " " in nitesimal (6) is unbroken. Indeed, if h(x; t) is a solution, then also h(x + t "; t) + " x However, at the critical dimension d = 2, the ow is beyond pertubation theory with growing as l increases and going eventually to an unknown strong coupling xed point.
W and crossover
The measure of , is done by looking at the interface roughness de ned as W = hh The determination of is rather di cult. If is too large, a small integration step is needed to keep the systematic error small. If, on the other hand, is small, crossover is observed with the scaling Eq.(19) setting up slowly at small . Moreover, saturation e ects must always be kept under control by comparing data obtained on larger and larger lattices. 
Its precise interpretation is the discrete process
n : normal random variables (27) and averages over the stochastic realizations must be extrapolated to the " ! 0 limit. 
We now consider the change of variables h = ln w (the following reasoning is however completely general, provided that the change of variables is well de ned). P h is a density and transforms accordingly as 
A simple discrete process which in the " ! 0 limit gives rise to Eq.(30) is w n+1 = w n + " w n f(ln w n ) + 1
The same result is obtained by applying directly the Hopf-Cole transformation to the Euler discretization of the original equation. Here, the additional term in the force is not 1=2, but 1=2
We remark that we have eliminated all the potential ambiguities related to the choice of Ito or Stratanovitch calculus since we have constructed explicitely our stochastic processes, by their unambiguous discrete realizations.
The simulation
The numerical simulation has been done on the APE supercomputer 16]. The model operating at Pisa is the so called \tube" machine, a 128 processor parallel computer with a peak performance of 6 GigaFlops. We have Therefore, the hyperscaling relation is well satis ed. Our results are compatible with 12] and with the empirical conjecture of 13]. Of course, we cannot be sure to have eliminated totally the crossover e ects. The common lore is that, due to saturation e ects, numerical estimates for must be considered lower bounds. It is clear that, even if the agreement with RSOS models is encouraging, an analytical upper bound would be desirable.
Conclusions
The main goal of this paper has been an high statistics simulation of the KPZ equation put in an alternative form after the Hopf-Cole transformation. This change of variables in the stochastic equation does not present any problem from the point of view of the simulations and is numerically stable. Our measures of and satisfy the hyperscaling relation and are compatible with the conjecture of 13].
